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In this paper we introduce the notion of fractional martingale as 



^^ ' the fractional derivative of order q of a continuous local martingale, 

^y. I where a £ ( — ^, |), and we show that it has a nonzero finite variation 

of order j-j^ > under some integrability assumptions on the quadratic 
variation of the local martingale. As an application we establish an 

P^ , extension of Levy's characterization theorem for the fractional Brow- 

Q^ ■ nian motion. 

C^ , 1. Introduction. The fractional Brownian motion (fBm) with Hurst pa- 

rameter H € (0, 1) is a zero mean Gaussian process with covariance 



^ : (1.1) EiBl'B^) = \{t'^ + s'^ - \t - sn. 

P^ ' J.111S piuuess IS a jjiuwiiiciii inuLiuii wiien ti ^ -k- nuiii Lire leiaiiuii iiiy\u^ — 

B^\^) = |i — sp^, it follows that B^ has Holder continuous trajectories of 

^_J \ order H — e, for any e > 0. On the other hand, the self-similarity of the fBm 

and the ergodic theorem imply that the fBm has -^-variation on any time 
interval [0,t] which equals to cnt, where ch = E{\B^\^/^) (see [10]). We 

t^^ ! refer to the monograph [4] and the review paper [9] for detailed accounts on 

^^ ' the properties of the fBm. 

In the case of Brownian motion, the famous Levy's characterization the- 

k^ I orem states that a continuous stochastic process {Bt,t > 0) adapted to a 

;h ' right-continuous filtration {J-t,t > 0) is an J^i-Brownian motion if and only 

if i? is a local martingale and {B)t =t. A natural problem is the extension 
of Levy's characterization theorem to the fractional Brownian motion. 
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The purpose of this paper is to introduce and study the notion of a frac- 
tional martingale, and apply it to the above problem. Fix a € (— 2, 2)- If 
M = {Mt,t > 0) is a continuous local martingale, we denote by M^'^' = 
(M^ ,t>0) the stochastic process defined by 

(1.2) M^''^= I {t-s)"dMs, 

Jo 

provided this stochastic integral exists for all t > 0. The process M^"' is 
called the Riemann-Liouville process of M. Notice that M'"' is no longer a 
martingale and we will say that it is a fractional martingale. 

If a S (0, ^), then the stochastic integral in (1.2) always exists, and M^ = 
r(l + a)lQ_^{M)t, where /f^_ is the left-sided fractional integral of order a. 
If a € (—2,0) and M has a'-Holder continuous trajectories on any finite 
interval for some a' > —a, then MJ:"' exists and MJ:"' = r(l + a)DQ_^{M)t, 
where Dq^ is the left-sided fractional derivative of order —a. We refer to 
Samko, Kilbas and Marichev [11] for the definition and properties of the 
fractional operators. 

We are interested in the variation properties of fractional martingales. 
The process M'"' has Holder continuous trajectories of order 7 on any finite 
interval, for any 7 < ^ + a, provided M has Holder continuous trajectories of 
order 2 — e on any finite interval, for any e > 0. Then, it is natural to expect 
that M^"' has a finite and nonzero variation of order /3 = (2 + a)~^ = jq^- 

We show that (see Theorem 2.6) if d{M)t = i'^dt, then M^^^ has a finite 
/3- variation Cq/q \is\^ ds under some integr ability conditions on ^, where c^ 
is a constant depending only on a. The proof of this result is based on the 
variation properties of the fractional Brownian motion. 

The fractional Brownian motion B^ is not a martingale unless H = ■^. 
But the process 

(1.3) Mt = f s'/^~^{t - s)i/2-H dB^ 

Jo 

is a martingale with respect to the filtration generated by the fBm, verifying 
{M)t = dut for some constant du (see Norros, Valkeila and Virtamo [8]). 
We show that \i B = {Bt,t > 0) is a continuous square integrable centered 
process with Bq = 0, then 5 is a fractional Brownian motion with Hurst 
parameter H if and only if the process B has the following properties: 

(i) The sample paths of the process B are Holder continuous of order 7 
for any 7 G {0,H). 

(ii) The process M defined in (1.3), where B is replaced by B, is a mar- 
tingale with respect to the filtration generated by i?. If // > 2, we also 
assume that the quadratic variation of M is absolutely continuous with 
respect to the Lebesgue measure. 
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(iii) For any t > 0, the process B has -^-variation (in the sense of Defini- 
tion 2.3) which equals to cnt on the interval [0,t]. 

In order to prove that the conditions (i), (ii) and (iii) imply that B is 
a fractional Brownian motion, it suffices to show that the martingale M 
satisfies {M)t = dnt^^ for some constant dn, and this will be a consequence 
of the condition (iii) and the general result on the /3- variation of a fractional 
martingale. 

In a recent work [7] , Mishura and Valkeila have proved another extension 
of the Levy characterization theorem, where condition (iii) is replaced by an 
assumption on the renormalized quadratic variation, and no restriction on 
the quadratic variation of M is required. 

Theorem 1.1 (Mishura and Valkeila). Assume that B is a continuous 
square integrable centered process with Bq = 0. Then the following are equiv- 
alent: 

(a) The process B is a fractional Brownian motion with Hurst parameter 

He (0,1). 

(b) The process B satisfies the following properties: 

(i) The process B has Holder continuous sample paths of order 7 for 

any 7 S (0, H) in any finite interval. 
(ii) The process M defined in (1.3), where B^ is replaced by B, is a 

martingale with respect to the filtration generated by B. 
(iii) For any t>0, 



Jii^"" Z2 i^tk/n - Bt[k-l)/n) = t 

"■^°° fc=l 



2H 



in L^ . 



The proof of this theorem uses different kind of techniques, and is based 
on the stochastic calculus with respect to the fractional Brownian motion. 

The paper is organized as follows. Section 2 is devoted to study the (3- 
variation of fractional martingales, and Section 3 contains the proof of the 
Levy characterization theorem for the fBm. Some technical lemmas are in- 
cluded in the Appendix. 

2. /3-variation of fractional martingales. Let {Q,T,P) be a complete 
probability space equipped with a right-continuous filtration {J-'t,t > 0) such 
that To contains the P-null sets. Fix a parameter a S (—2; 2)- ^^ introduce 
the following notion. 
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Definition 2.1. A continuous J'^t-adapted process [M^ , t > 0) is called 
a fractional martingale of order a if there is a continuous local martingale 
{Mt,t> 0) such that, for all t > 0, 

(2.1) f {t-sf''d{M)s<oo, 

Jo 

almost surely, and 

(2.2) M^"^ = f {t-sTdMs. 

Jo 



Notice that by Fubini's theorem condition (2.1) holds true for almost all 
i>0. 

If a G (0,2)) then (2.1) is always fulfilled. Moreover, an integration by 
parts implies that the integral appearing in (2.2) exists as a Riemann- 

Stieltjes integral and M^""^ = T{a + l)/^+(M)i, where I^+ is the left-sided 
fractional integral of order a. 

For any a € (—2,0) we introduce the following hypothesis: 

(H). The trajectories of M are a'-Holder continuous on finite intervals 
for some a' > —a. 

Then we have the following result. 

Lemma 2.2. Fix a G (—2,0), and let M be a continuous local martin- 
gale satisfying condition (H). Then (2.1) holds, Mj exists as a Riemann- 
Stieltjes integral and it coincides with T{a + l)DQ^{M)t, where D^^ is the 
left- sided fractional derivative of order —a. 

Proof. Set 

\Ms-MJ 



Zt = \Mt\ + {M)t+ sup 

0<s<n<t |S-U|" 

For any integer n > 1 we define 

TN=mi{t>0:Zt>N}. 

Then, T/v is an nondecreasing sequence of stopping times such that T/v T 00. 
For any s <t we can write 

By Kolmogorov's continuity criterion the sample paths of {M) are Holder 
continuous of order 7 for any 7 < 2a' , on any finite interval. This implies 
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(2.1), and it is easy to check that the stochastic integral is a Riemann- 
Stieltjes integral and coincides with T{a + l)DQ"{M)t. D 

From fractional calculus, assuming condition (H) if a < 0, we have Mt = 
P(^/o"+"(M("))t, where /"" = £>" if a > 0. Using the definition of the 
left-sided fractional integral and derivative, we have 

f \ fit - .)-i-"Mi") ds, if a < 0, 

(2.3) Mt = \ r(i + «)r(-a)yo 

T^n^ ^^n T / it-s)-^dMt\ if a>0. 

(. i[l + a)L (1 — a) Jo 

In order to define the /3- variation, let us first introduce some notation. 
Fix a time interval [a,b], and consider the uniform partition 

where if = a + ^(6 - a) for i = 0, . . . , n. Let /3 > 1 and let X = {Xt, i > 0) be 
a continuous stochastic process. 

Definition 2.3. We define the /3-variation of X on the interval [a,b], 
denoted by (X)^ [q;,], as the limit in probability of 

n 

(2.4) S^;;^\x):=J2\KXf, 

i=l 

if the limit exists, where A"X = Xt" — Xt^ . We say that the /^-variation 
of X on [a,b] exists in L^ if the above limit exists in L^. 

We also denote (-'^)/3jo,i] by {X)p^t. For instance, a continuous local mar- 
tingale has a finite 2- variation, denoted by {M)t, and the fractional Brownian 
motion B^ of Hurst parameter H G (0, 1) has -^-variation which is equal to 
CHt, where ch = E{\B^\y/^. 

A direct consequence of the above definition is that if (^)/3ja,c] exists, 
then for any a <b < c, both {X)p^[a,b] ^^^ {^)i3,[b,c] exist and 

(2-5) {^)l3,[a,c] = {^)l3,[a,b] + (^)/3,[fe,c]- 

It is also easy to see that the following triangular inequality holds: 

(2.6) s^;;^\x + Y)'/c < s^;;^\x)'/^ + s^;;^'}{y)'/^. 

This inequality implies that if X and Y are two continuous stochastic pro- 
cesses such that (^)/3ja,6] exists and (5^)/3ja,fe] = 0, then 

(2.7) (^ + >^)/3,M] = (^)/3,M. 
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Let W = (Wt,t > 0) be an JF^-Brownian motion. We want to compute the 
/3- variation of M^'^-', where M is a martingale of the form Mt = /q ^sdWs- 
We win denote by C a generic constant that may depend on a. Consider 
first the case where the martingale is just a standard Wiener process. We 
recall that 

^~ l + 2a' 

Lemma 2.4. Let (Wt,t > 0) be a Wiener process, and set Xt = W^ = 
^^{t — s)"^ dWs- Then the (3-variation of X exists in L^ and (-'f)/3ja,fe] = 

Ca{b — a), where Ca = chk^ , H = ^2 + Ci, ch = E{\Bi\^'^), and 

( 2ifr(3/2 -H) \ 1/2 



(2.8) KH 



\r{H + l/2)r{2-2H) 



Proof. Because of (2.5), it is sufficient to show that {X)p^t = Cat. We 
can extend the underlying probability space in such a way that {W-t,t > 0) 
is a Brownian motion independent of W. Then, the process B defined by 

bI" = KH (^l\t - sr dWs + 1_ j(i - sr - i-sr) dWs^ , 

is a fractional Brownian motion with Hurst parameter H (see Mandelbrot 
and Van Ness [6]). Hence, 

Xt = Hu Bf — Zt, 

where Zt = J_^{{t — s)° — {—s)'^)dWs. From the -^-variation property of 
fractional Brownian motion we know that {B )p^t = cut, in L^, because 
P=jj. Then, by (2.7) it suffices to show that limn^ooE{\S^^'l;\z)\) = for 
all i > 0. We have 

n 

J2E(}Ztn-Zt^_f) 

i=l 

=cE / m-sr-{tu-srfds) 

/ roc / / f \a N 2 N /3/2 ^ " / /-oo \ 13/2 

=h+h. 



2 \ /3/2 
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It is easy to see by the dominated convergence theorem that /i ^ as 
n ^ oo. On the other hand, 



h < Ctn~'Y.(^ - l)(2"-l)/3/2 < Ctn^2a-l)/i2a+l) ^ q 

since a < 1/2. This proves the lemma. D 

We will make use of the following lemma. 

Lemma 2.5. Fix a > 0. For t>a let Xf = /(f (t - s)" dWs, where W - 
(Wt^'t — 0) ^-^ ^ Wiener process. Then, for all t>a, 

(2.9) Yun^E{\S^;'^{X)\) = Q. 

Proof. Take (3 = 2/(1 + 2a). First we have 



Y.E 



1=1 



a 



m - sT - (Ci - sT] dWs 





n f ^n ^ 13/2 






s)"-(i^i-s)"]^(is 



where t > a and {if} is a uniform partition on [a, t]. Then we apply a similar 
argument as in the proof of Lemma 2.4. D 

The following theorem is the main result of this section. 

Theorem 2.6. Set /3 = 2/(l + 2a). Consider a continuous local mar- 
tingale of the form Mt = /q S,sdWs, where C = (Ct,i > 0) is a progressively 
measurable process such that, for all t>0, 

{E{\^sf))f^'/'^ds<oo for some P'>P, ifa<0, 
(2.10) { ■>% 

Then, the P -variation of M^"^ on any interval [0,f] exists in L^ , and (M^"))^^ 
Ca /o iCsl^ ds, where Ca = chk^ , H = ^ -\- a, and kh is defined in (2.8). 

Proof. We can represent the martingale M as a stochastic integral 
Mt = /q ^s dWs, where W = iWt, t>Q) is a Brownian motion defined on an 

extension {Vl,T,P) of our original probability space {Vl,J-,P). The space 
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{Q,T,P) is the product of (O,^, P), and another space {Q,,T,P) support- 
ing a Brownian motion independent of M. Clearly, if the conclusion of the 
theorem holds in the extended space, it also holds in the original space. 
Notice that if a < 0, by Holder's inequality condition (2.10) implies that 



Jo 



and (2.1) holds. 

Suppose first that the process ^ has the form ^t = ^I{ti,t2]{'t), where < 
ti < ^2 and y is a bounded jF^j -measurable random variable. In this case the 
process M^°'' , denoted by X, is given by 



rtAt2 

Xt = YIyt,,oo){t) [t-sTdWs. 

Jtl 

For t G [0,ti], we clearly have {X)p^t = 0. For t G [ti,t2], 

Xt = Y f\t - srdWs - Y f\t - sTdW,, 
Jo Jo 

and by Lemmas 2.4 and 2.5, for any interval [a, 6] C [^1,^2]) the /?- variation 
of X exists in L^, and 

W/3,M=Ca|y|'^(6-a). 

Finally, by Lemma 2.5, for any interval [a, 6] C [^2,00), (^)/3,[a,b] = 0, in L^ . 
Hence, we have proved that 

(X)/3,j = c„|y|^(iAt2-ii)+ = c„ / \isfds. 

Jo 

Let us denote by iS the space of step functions of the form 

n 
i=l 

where Yi is J-'ti_i measurable and bounded, and = to < ■ • • < ^n- For £, £S, 
we have Xt = Y.l=i Xt, where X| = J^ Q{t - sT dWs and Q = Yil^t,_^^t^] (t) . 
From (2.5) we have 

n 

Wa* ='^{X)/3,[u^i,u]nlo,t]- 

From the first part of the proof we see that 

Ca\Yif{tiAt-ti-i)+, ifj = i. 



{x')m-i,uno,t] ,Q^ .f^._,^^ 
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and applying the triangular inequality (2.6), we see then that 

(-'^)/3,[ti_i,t,]n[o,t] = (-'^*)/3,[fi_i,ii]n[o,i]- 

Hence, 

'« ft 

(2.11) (X)^,[o,t]=c„^|y/(tiAt-ti_i)+ = c„ / %fds, 

and this proves the result for step functions. 

To complete the proof, we use a density argument. Fix a time interval 
[0,T]. We can find a sequence of step functions {£, ,k > 1) in 5 such that if 
a > 0, then 

hm r{E{\^,-es?)?'^ds = Q, 

ft— ►oo Jo 

and if Q < 0, then 

lim / {E{%-i'!f)f"^ds = {). 
fc— >oo7o 

Define X^ = J^{t — s)"S,gdBs for t € [0,T]. From the triangular inequality 
(2.6) and the Burkholder-Davis-Gundy inequality (see, for instance, [5]), 
we have, for all t € [0, T] , 

E(i5^;(x)V/^-5£](^^y/^i) 



(2.12) 



/ / n rt" 

<^(^(E y^'((ir-^)"-(C-i-^)T)(6-d 

/ / n ft" 



)dW, 



1//3 



(tr-i-s)+)'(6-o'rf^ 



/3/2N 



1//3 



Now we will consider two cases depending on the sign of a. 

(i) If a > 0, namely, /3 < 2, then by the concavity of x^' ^ and Lemma A.l, 
we have 



E{\s^S:n\x)'^'-s^S:n\x')'^'\) 



(2.13) 



■'13,71 



{{t^-sr-{tti-snrE{\c,-esnds 



(3/2' 



1//3 
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Then 
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1//3 



<C^l^iEi\Cs-es\')f'ds 



E 



«(^) 



1//3 



l^sfds) 



<i?(i4°nW'^'-4°n(^^r/^i 



+ E 



s^^x^y/^ 



+ ci/^E 
From (2.13) and (2.11) we obtain 






1//3 



lim sup E 



sZw 



1//3 



,a f l^sfds 
Jo 



1//3 



<Ci l^{E\i,-^^\y/'ds 



+ c. 






1/(3 
1//3 



Jj^sfds>i -{l^lCsfds 



1//3 



and letting k tend to zero, we prove the desired result. 

(ii) If a < 0, namely, /3 > 2, then applying the Minkovski inequahty in 
(2.12) and using Lemma A. 2, we have 

^(|s£l(X)V/^-5£l(X'=)V/^|) 



E I ^ ((*r - sr - ati - snfmiis - e;f)f^ ds 



/3/2\ 1//3 



<Ci I^El^^-esff^^ds 



1//3' 



Now in the same way as for the case a > 0, we can show 

'/3 



lim E 

n—>oo 



sM^x)y^ 



J\isfds 

Jo 



0. 



This proves the theorem. D 



Remark 2.7. If a > and /g E{S,s) ds < oo, then /q (^(C^))^/^ ds < c5o, 
and the /?- variation of the fractional martingale M^"'' exists in L^, and 
{M^"')p^t = Cq./q l^sl^fis. Using a localization argument, we can prove that 
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this result remains true with the convergence in probabihty, for any con- 
tinuous local martingale such that {M)t = /q ^^ '^^ fo'^ ^ t > 0. On the 
other hand, if a < and ^qE{\^s\^ )ds <qo for all t > 0, and for some 
/?' > /5, then the /3-variation of the fractional martingale M'"' exists in L^ 
and {M^°^')(j^t = Ca/g |^s|^(is. As a consequence, again by a localization ar- 
gument, the result remains true with the convergence in probability, for 
any continuous local martingale such that {M)t = jQ^gds, assuming that 
Jo\^s\^ ds < oo almost surely, for all t > 0, and for some (3' > (3. 

Corollary 2.8. Consider a continuous local martingale M = {Mt,t > 
0) with Mo = and {M)t = /q ^^ ds, where ^ = (^t, t > 0) is a progressively 
measurable process. Suppose that M satisfies (2.1) for some a G (—2,2)- 
Then there exists C > 0, such that 

liminf^(4t'(MM)) >C rS(|es|^)ds. 



Proof. For each integer iV > 1 let iPn{x) = x if |x| < A^ and V^Ar(x) 
Burkholder's inequality yields 



^ if \x\ > N. Denote M,^"''" = /o(i - s)"?/'Jv(C,) dM,. An application of 



(n „fri 

E j\{t7-sr-itti-sn)dM, 



/3> 



sT - {tu - sn)%\' ds 



/3/2N 



>CE(g|/-((*? 

>cEiY: 'm-sr-{t2_,-s)%fmAN)'ds 

By Theorem 2.6, 5'J|;^'(M(")'^) converges to ^I'dCl A Nf ds in L^ as n 

tends to infinity. So, lim„_oo^(4"nk^^°^'^)) = /a ^((l^^l ^ ^)^)'^« and, 
consequently, liminf^^oo^l^^n (M("))) >Cjl^E\Csfds. D 



So far we have considered continuous local martingales such that {M)t is 
absolutely continuous with respect to the Lebesgue measure. The next result 
says that in the case a < if the quadratic variation of the martingale is not 
absolutely continuous with respect to the Lebesgue measure with positive 
probability, then the /^-variation is infinite. 
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Proposition 2.9. Fix -^ < a < 0. Suppose that M = {Mt,t > 0) is a 
continuous local martingale, satisfying (2.1). Consider the Lebesgue decom- 
position of its quadratic variation given by {M)t = fJ-t + ^t, where fit o,nd 
Vf are continuous nondecreasing adapted processes such that dfit is abso- 
lutely continuous with respect to the Lebesgue measure, and dvt is singular. 
If P[dvt / 0) > 0, then we have lim„^oo E{sf^^ (M^"))) = cx), for all t > 0. 

Proof. By Burkholder's inequality, we have 

>cj2E(^j^'m-sr-{tt^-snfd{M),j 
>cj2E(^j^'{{t:-sr-itt^-snfdf,s) 

+ CY.E(^J\{t:-sr-{tt^-snfdu,j 

Then the result follows from the above inequality and Lemma A. 3, proved 
in the Appendix. D 

On the other hand, the next result says that in the case a € (0, j), the 
/3-variation is zero if the quadratic variation of the martingale is singular. 

Proposition 2.10. Suppose that M = {Mt,t > 0) is a continuous 
local martingale, such that almost surely the measure d{M)t is singular 
with respect to the Lebesgue measure. Then, if a G (Ojz); '^^ have 

lim„^oo^(4°n (^^^"^)) = 0, for all t > 0. 

Proof. The result is an immediate consequence of Lemma A. 3, proved 
in the Appendix. D 

3. Characterization of fractional Brownian motion. Suppose that B^ is 
a fractional Brownian motion with Hurst parameter H G (0, 1). The process 
B^ admits the following representation (see [4]): 



(3/2 



(3.1) 




Sf = / ZH{t,s)dWs, 

Jo 


where 




ZH{t,s) = 


= KH 


V /f.H-1/2 

{-] it-sf-'/' 
\sj 
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(3.2) 



H-iyy^~H J u^'-^/^u-sf-'/^du 



with Kff defined in (2.8). 

The next theorem is the main result of this paper and provides an exten- 
sion of Levy characterization to the fractional Brownian motion. 

Theorem 3.1. Fix H e (0,1), H ^ ^. Suppose that B = {Bt,t>Q) is a 
zero mean continuous stochastic process. The following two conditions are 
equivalent: 

(1) B is a fractional Brownian motion with Hurst parameter H . 

(2) The process B satisfies the following conditions: 

(i) The trajectories of B are Holder continuous of order H — e for any 

H-eeiO,H). 
(ii) Let 

(3.3) Mt= rsV2-^(t-s)i/2-^dS,. 

Jo 

Then M is a local martingale. Furthermore, if H > ^, the quadratic 
variation of the martingale M is absolutely continuous with respect 
to the Lebesgue measure almost surely. 
(iii) For any t>0, the -jj-variation of B in the interval [0,t] exists in 
V- , and {B)iju^i = cnt, where ch = -E(|^p^) and ^ is a standard 
normal random variable. 

Remark 3.2. Notice that condition (i) is always true li H < 2 , and the 
Riemann-Stieltjes integral in (3.3) exists by Proposition A. 6. 

Proof of Theorem 3.1. From the properties of the fractional Brow- 
nian motion we know that (1) implies (2). Suppose that (2) holds. Fix 
H — € € (0,-ff), and T > 0. We are going to show that S is a fractional 
Brownian motion with Hurst parameter H in the time interval [0,r]. De- 
note by ||i?||//_e the Holder norm of order H — e on [0,T] [see (A. 2)]. The 
proof is divided into several steps. 

Step 1. From (3.3), we can solve the integral equation to express i? as a 
functional of M. This can be done as in the proof of Theorem 5.2 of [8]. In 
this way we obtain 

Bt = dH[t''-'/^Rt-{H-l)Yt], 

where dn = B{^-H,H + ^y\ 

t 



Rt= I {t-s)"-^'^dMs, 
Jo 
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'•- 1' {!>"-"' 



{u-s)^~^/^du]dMs. 



Comparing with the representation formula (3.1) for the fractional Brownian 
motion, it suffices to prove that 

(3.4) d{M)s = {KHdJjh^/^-"f ds, 

because this implies that M is a Gaussian martingale, and B has the co- 
variance of the fractional Brownian motion with Hurst parameter H. In 
order to show (3.4), we are going to compute the -^-variation of R, from the 
decomposition 

(3.5) Rt = dJ,h'/'~^Bt + {H- i)tV2-^y,. 

Step 2. Fix < e < if A i A (1 - iJ) and suppose that £;(||B||^5j < oo. 
We will first show that the -^-variation of the process Zt = t^''^~ Bt exists 
in L^ in any interval [0,t\ C [0,T], and 

(3.6) (Z)i/H,t = 2ifcHt^/(2H)_ 
An application of the triangular inequality yields 



:[o,i] 



SXJZ) < 



(3.7) 



and 



(3.8) 



E(^r)^/(^^)-^i%-%-J^ 



H 



/H 



\i=l 



H 



+ Ei(*n^/^-^-(Ci)^/^-^i^/^i%-J'^'' 



u=l 



1/H 



M/S,n(^) > 



^(,n)l/(2H)-l,^^_^^^^[l/H 



H 



\i=l 



H 



Ei(tr)^/^-^-(Ci)^/^-^i^/^ii?t?_, 



l/H 



\i=l 



1/H 



We have 



EK^n 



n\l/2-H _ (.n \l/2-H\l/H 



{tUY 



\Bf^ 



1 1/H 



1=1 



(3.9) 



<C\\B 



,1/H 
iH-e 



n 



l/{2H)-s/H n 



Y^^i_iyl/i2H)-e/H 



i=2 



<C||i?||^/^,ti/(2H)-./i/^i-i///^ 
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which converges in L^ to as n tends to infinity. From (3.7) to (3.9) we 
obtain 

n 



i=l 



in L^, provided that the hmit on the right-hand side of (3.10) exists. Denote 
/" = {t'^_i,t'j'] for j = 1, 2, . . . , n. We divide every subinterval I^ into m parts, 
and we get a finer partition = fg"^ < • • • < t^J^ = t. Then, we have 



Ef,nm\l/(2H)~l\T^ r \1/H \^ ^, (.n\l/{2H)-l(.n ,n \ 



i=l 



i=i 



jm 



E E {{trf^'''^-' - (t,")^/(^^)-^)|i?.r -^*rJ'/'' 

j=l \j=(j_l)m+l 



]m 



\j=(j-l)m+l ^ 



n^|l/(2H)-l _ f^n \1/{2H)-1 



<Ei(^: 



+ (t-)V(2^)-i 



jm 



EIR R \^/H 



i={j — l)m+l 



jn 



E l^*r" ~ ^tr™L I ~ CH(t" - i"_i) 

i={j — l)m+l 



Letting m tend to infinity and using assumption (ii), we obtain 

n 



i=l 



in L^, which shows (3.6). 

Step 3. We claim that the -^-variation of the process Vt = t^'^~ Yt in 
L^ is zero. The increment \Yt — Ys\ can be estimated by Lemma A. 7 in 
the Appendix with a = 2 — H, f being a trajectory of the process B and 
P = H — e. Notice that a + P = 2 — s, and 2a + (3 = 1 — H — e. Hence, for 
any s, t G [0, T] , we have 

\Yt-Ys\<C\\B\\H-s{t^-s''). 

Therefore, as in (3.7), we have 

n 

E{sf^;l^{V))<Cj:{tT)y'^'^^-'Ei\Y,.-Y,.jy^) 



i=l 



16 Y. HU, D. NUALART AND J. SONG 

n 

For the term An we have 

n 

i=l 
, / ^ X l/(2H)~e/H n 



, / + X l/(2H)-e/H 



By Lemma A. 7, hm„_^oo E{An) = 0. For the term i?„,, using that E{\Yt^^_^ |^/-^) < 
CS(||B||^/f^J|tf_i|i-^/-f^, we obtain 



1=1 



,l/^./l\-l+l/^-^/^ 



<cii;(||s||^:j - ^0. 



n 



Hence, (l^)i/H,f = 0, in L^, for all t £ [0,T]. 

Step 4. From (3.5), (3.6), Step 3 and (2.7), we get that the -^-variation 
of the process R in any interval [0,t] C [0,r] exists in L^, and 

(3.11) {R),/H,t = CHdH'/''2Ht'/^^^l 

On the other hand, since Rt is an H — -^ martingale. Theorem 2.6 and Propo- 
sition 2.9 imply that if i7 < 1/2, the quadratic variation d{M)s must be 
absolutely continuous with respect to the Lebesgue measure, almost surely. 
In the case H > ^ this is true by the assumption (ii). This implies that 
{M)t = /q ^1 ds, where ^ = (^t, t > 0) is a progressively measurable process. 
By Corollary 2.8, there is a positive constant C such that, for any ti, t2 (z 
[0,r], CJ'^ s^/(-^^)"Us > Jl^ E{\Cs\^/^)ds. Then S(|6j^/^) < Cs^/^^^'>~\ 

Thus, we can apply Theorem 2.6 to obtain {R)i/H,t = ch^u /q l^sP ^ ds. 
Comparing this with (3.11), we obtain 

\is\ = tiHd-H^s^''^-", 0<s<t, 

and (3.4) holds. This proves that i? is a fractional Brownian motion with 
Hurst parameter H under the condition S(||i?||j:^_g) < cxo. 
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Step 5. If -E(||i?||j:^_j,) is not necessarily finite, we can use a localization 
argument. Denote 

Tk = inf{i > : \\B\\t^H~e >K}AT, 

and Bf = Bt;,T,. Since ELi |S# " ^^ , l'^"" < Eti \Bt- - B^^ jV^ + 
(K-^)^'^ , by the dominated convergence theorem, we can also get 



limE^ 



n 



Y,\B^^-B^^ {'/""-CHitATK) 



By modifying the proof in Steps 1-4 slightly, we get 

\is\ = t^Hdjls^l'^-^, 0<s<tATK. 
Clearly, hniK^oo Tk = T, and then 

\Q = KHd'jls^/'^-", 0<s<T. D 

Remark 3.3. Notice that in the case H > ^ we have imposed the ad- 
ditional assumption that the martingale (3.3) has an absolutely continuous 
quadratic variation. This is true, for instance, if the filtration generated by 
the process B is included in the filtration generated by a Brownian motion. 
The next proposition shows that this condition is necessary at least in the 
case H G (|,|). 

Proposition 3.4. Suppose that H e (^,|). There exists a process B, 
satisfying conditions (i) and (iii) of Theorem 3.1, such that the process M 
defined in (3.3) is a local martingale, and B is not a fractional Brownian 
motion. 



Proof. Let B be a fractional Brownian motion with Hurst parameter 

1 3n 

2' 4' 



if G(i,|). Define 



Mt 



: fsy^-^it-sfl^-'^dB^. 
Jo 



Let Nt = W^u\, where T^ is a Brownian motion independent of B , and (/> 
is a strictly increasing. Holder continuous function of exponent 7 for any 
7 < 1, null at zero, such that the measure d(j){t) is singular with respect to 
the Lebesgue measure (for the existence of such function, see Lemma A. 8 in 
the Appendix). Set 

Mt = Mt + Nt and B^ = B^ + Yu 
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where 

-{"-\) IXI! """"'" -'^''-"' '")"'■} 

The process B^ clearly satisfies (i) and it is not a fractional Brownian 
motion. Finally, {B^)i/}jf = cut in L^, because the ^-variation of ^^{t — 

s)^~^''^ dNg is zero by Proposition 2.10, and, by the same arguments as in 
the proof of Theorem 3.1, we can show that the -^-variation of Y vanishes. 
D 



APPENDIX 
A.l. Some technical lemmas. 

Lemma A.l. Let a € (0, 2)- Fix an interval [0,t]. For any natural num- 



ber m, we define f^ = ^t, <i <m. Let g be a measurable function on 
[0, cx)) such that, for all t>0, /q \g{s)\ ds < 00. Then there exists a function 
C(t) > satisfying 

hmsup^ / ^ i{tT-sr-{tT.^-s)%f\g{s)\ds 

<C{t)f\g{s)fl^ds. 
Jo 

Proof. Set 

^-=E(X m'-sr-{tT-i-sn)Ms)\ds^ . 

We have Am < C{Ai^m + ^2,m + ^3,m), where 



III, / ^^'11- 

A2,„^ = E [ir ((C - «)" - (Ci - srf\9{^) I dsj 



i=2 ^•"■i-2 

and 









s)ng{s)\ds 
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Let (pmi^) = {{x-'r — )" — x")^. The (/'(x) is a nonincreasing of x when x > 0. 
As a consequence, 



III. „j^l<L , /'t'"' \ P/^ 

Ai.m = -Y.L'[j^\^iT-sr-{tT-i-srf\g{s)\ds) du 

= jT.lr[l^rn{tT-l-sMs)\dsj du 



1=3^-2 

<— / ( / (/>m(^i-s)|5(s)|dsj du. 
Using the Holder inequahty, we obtain 

\/3/2 / |.« \/3/2-l 

(t)m{u-s)\g{s)\ds\ <f / (/)„(■" -s)dsj 

X r(/>^(n-s)|<7(s)|^/2^s 





t \/3/2-l /.« 



< 



^J^<Pm{s)dsj j^ <l,^{u-s)\g{s)f'''ds. 



Integrating in the variable u yields 

/3/2-1 i-t i-u 



^i,m<— f / 4>m{s)ds\ / / (pm{u-s)ds\g{s)f''^dsdu 

= j(^J^^m.is)ds^ j'^l^jj^{u-s)dv)j\g{s)f'^ds 

\ 13/2-1 rt / rt \ 

(l)m.{s)ds] J ij (t>rr.{u)du]\g{s)f/^ds 



< — 

~ t \Jo 

= j{Jjrn{s)dsy'j^\g{s)f/'ds. 

Therefore, 

lim Aim = t~^( r((x + tr-x''fdx) f \c 
™-*°° ' V^o / Jo '^ 

For the term A^^m we can write 

al3 m . „jm , 13/2 
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The functions 



9mis) = jY.U ^ l5'('S)Msj/(tm^,tm](s) 



i=l ^^ '■i-1 



converge almost everywhere to \g\, and they are bounded in -^^([0, t]). Hence, 
\g(^s)\^''^ is uniformly integrable on [0,t\. Therefore, 

limsup^3,m< lim / \g^{s)f/^ds= f \g{s)f/^ ds. 
From the fact that \x°' — y'^\ < \x — y\°', we see that 

m / ^t"!_ \ 13/2 



III, , ct 

A2,„^<Y.( r~' \tT -tT-ing{s)\ds 



Thus, in the same way as for ^3^^, we have 

limsup A2,„^ < 2 / \gis)f/'^ ds. □ 

m— ♦00 Jo 

Lemma A. 2. Let a E (—2,0). Fix an interval [0,t]. For any natural 
number m, we define t'f' = —t, < i <m. Let g be a measurable function 
on [0, 00) such that, for all t>0, /q |5(s)|^ '"^ ds < 00 for some [5' > [5. Then 
there exists a constant C depending on t such that 

m / .t^ ^ /3/2 



<c[^j\{s)f''^ds) 



PIP' 



Proof. Consider the decomposition given in the proof of Lemma A.l. 
For the first term we can write, from inequality (A.l), 



t \mj Jo 

<cj\g{s)fUs<C^j\g{s)f/'ds^ 
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Let 2ap > —1 and ^ + ^ = 1. Then P' = 2q> /?, and applying Holder's in- 



P 
equality, we can write 



m . , s {(l+2ap)/p)/3/2 / ^i™ x /3/(2g) 



■ 1 X'^J \A"^T / 

2=1 ^ ' ^ I— 1 



^(j^i{l+2ap)/p)p/2ff \g(^s)\Us] 



\ /3/(2g) 



For the term ^2,m; with the same notation as above, we can write 

"I / rf™ \ /3/2 



4=2 ^•^*"-2 ^ 

™ / t \ ({l+2ap)/p)/3/2 / .t™ J \ / 



< _ 

i=2 

Lemma A. 3. Suppose that v is a measure on an interval [0,t], which is 
singular with respect to the Lebesgue measure. We have the following: 



2' 



(i) //aG(-i,0), then 
(ii) lfae{0,\),then 

J™oE(X ^ ((*^ - ^)" - (*-i - «)+) '^^^j = 0- 



Proof. Denote Af := (tf.i,*^]. Set 



(i) If aG(-i,0), then 
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where m denotes the Lebesgue measure. Suppose that J^n is the u-field 
of subsets of the interval [0, t] generated by the partition {A", i = 1, . . . , n}. 
Denote by i/n and m„ the restrictions of the measures i^ and m to the u-field 






,=1 rn(A^ 

Then A^ > CE{Xn )• The sequence {X2k,k > 0) is a martingale with re- 
spect to the filtration J-'2k. As a consequence (see, for instance, Theorem 
3.3 in [2]), we have limn^oo ^2*= = X{m + z^)-a.e. Since v ±m,X = m-a.e. 
If limfc^oo E{X^l ) < oo, then {X2k ,k>0) would be a uniformly integrable 
martingale and, hence, X2k = E{X\J^2i') =0) which is a contradiction, 
(ii) If aG(0,|), then 



-On + ^n- 



For the term Cn we have 

a/3 n 



c^n< (-) E(-(Ar))"/^=i"''E-KAr)n)^/^=t-^s(xr 



J = l 2=1 



Since E{Xn) = z^([0,t]) < cxo, ^ < 1, and X„ ^^ a.e., we have lim^^oo Cn 
0. On the other hand, 

n /i-1 ,^. \/3/2 



")'dl^. 



i?n<E E/ ((*r-^r-(Ci 
i=i \j=i"'<j-i 

" /«-l / j.\al3 ^ 

<E E(^) (^" - (^ - ir )Ma,y/^ 



2=1 \j = l ^ / 

<(^) E(^"-(^-i)YE-(A")^/^- 
^^^ 2=1 i=i 
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Notice that 



1=1 



^(," _ (i _ lyf < c + Y.{e - (z - 1)")^ 

i=2 



i=2 



where C > 0. If a G (0, \), we have a/3 — /? + 1 < and then sup„ I]r=i(^" ~ 
(i - 1)")^ < oo. Then, similarly, hm^ ^n = 0. D 

A.2. Transformations of Holder continuous functions. Let /3 G (0, 1] . We 
denote by C'^([0,T]) the set of Holder continuous functions on [0,T]. For 
any function / in C'^([0,r]) and any < a < 6 < T, we will write 



(A.2) 

We also set \\f\\p 



\f{t)-f{s)\ 

I3,a,b- sup -g . 

a<s<t<b \t-S\f' 



/3,0,T- 



Lemma A. 4. Suppose that f e C^{[0,T]), and assume that <a<b< 
V <T. Let, 7 > and a + P ^0. Then 

rb 



sHv-sTdfis) 



<llfl|/3(2- 



a 



a + j3 



\lP{{v-h)''+f^ + {v-aY+^). 



Proof. Suppose first 7 > 0. Integrating by parts yields 

'\^{v-srdf{s) 



W{v - brifib) - f{v)) -a-^iv- arifia) - f{v)) 
- f\f{s)-f{v))[s^v-sr]'ds 

J a 

f,,a,v{b^v-br+^ + a''{v-ar+^ 

+ 7 / (v - s)"+V"^ ds + a / {v - s)"+'^-h^ ds 

J a J a 

(3,a,v \b^{v - br+f + b^{v - ar+f" 

+ max{(^ - a)°+^, {v - 6)°+^}(6^ - a^) 
{{v - a)"+^ -{v- b)"+(^) 



< 



< 



+ 6^ 



a 



a + P 
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a 



<\\fh,a,j2 + 



a + l3 



y^{{v-b)''+f^ + {v-a)''+'^). 



The case 7 = is proved in a similar way. D 

Lemma A. 5. Suppose that f £C^{[0,T]), and suppose a <0,a + P > 0. 
Letg{t) = J^s''df{s). Then, g G C7°+/^([0,r]), and 



lffl|a+/3 < 



/3 



a + l3 



/3- 



Proof. Fix <a<b<T. Integrating by parts yields 

rb 



\9{b)-g{a)\ 



s°d[/(s) - /(a)] 



6"[/(6)-/(a)]+a [/(,)_ /(a)]s°-^ ds 



<||/||^6-|6-a|^ + |a| / \f{s)-f{a)\{s-ar-Us 



<\\fy^\b-ar^ + \a\j\s-a) 
/3 



a+l3-l 



ds 



b — a 



a+P 



a + (i 
which give the desired result. D 

Proposition A. 6. FixaG(-i,i) and fi &{{),!] such that 0<a + P < 
1. Suppose that f G C^([0,T]), and let g{t) = J^s'^it - s)"dfs. Then: 

1. Ifa>0, gGC"+^([0,r]) and for anyO<a<b<T, we have 
(A.3) \g{b)-gia)\<C\\fyb-{b-ar+^. 

2. Ifa<0and0<2a + f3<l, then g G C2°+^([0,r]) and 

\g{b)-g{a)\<C\\fUb-af'^+^. 

Proof. We can write 

g{b) - g{a) = T 5°((6 - s^ -{a- sT) dfs + f s'^ib - s)" d/, 

Jo Ja 

= a ['( rs''{v-sr-'dfs)dv+ (\^{b-srdfs 

Ja \J0 / Ja 

= A + B. 
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If a > 0, using Lemma A. 4 yields 

1^1 < CWfya" f\{v - a)"+^ + v^+f") dv 

J a 

= C\\f\\pa''[{h - o)"+^ + 6"+^ - a°+^] 
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and 



|i?|<C||/||^6"(6-a 



|a+/3 



which imphes (A. 3) follows. On the other hand, if a < 0, the function h{t) = 
/q s°d/s is (a + /3)-H61der continuous by Lemma A. 5, and |l/i||a_|_^ < C||/||^. 
Then, applying Lemma A. 4 to the function /i, we obtain the estimates 



\A\ <a 



a \J0 



{v-s)'^"'dhs]dv 



<C\\fy [(^-a)2"+/5-l+^;2a+/3-l]^^ 
J a 

< C||/||^[(6 - a)2-+^ + 62"+/3 - a^»+% 



and 



151 < 



sTdh. 



<C\\fUb-af-+P. 



The proof is complete. D 



Lemma A. 7. Fix a G (— ^, ^) and (3 G (0, 1] such that < a + /3 < 1 and 

0<2a + /3<l. Suppose that f GC'^([0,r]), and let g{t) = Jq s"^ {t - sY df s . 
Set 



h{t) = I u 



-a-l 



{u — s) " dgs ] du 



Then for any <a <b <T, we have 

\h{b)-h{a)\<C\\fUb^-a^). 



Proof. We have 



(A.4) 



\h{b)-h{a)\< / u 



-a~l 



(u-s) ""dg. 



du. 



Suppose first that a < 0. Then, ||g||2«+/3 < C*!!/!!^, and Lemma A.4 yields 



(A.5) 



(u-s) "dgs 



<C||/||;3n"+^. 
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Substituting (A. 5) into (A. 4) yields the results. In the case a > 0, the Holder 
norm ||5(||q+^ in an interval [0,u] is bounded by Cii"||/||/3, and Lemma A. 4 
yields 



<C||/||^n^+". 
This completes the proof of the lemma. D 



u- s) " dgs 





A. 3. Existence of singular Holder continuous distribution functions. Let 

< H <1 and p > 1. Suppose that X = {Xt,t > 0) is a zero mean Gaussian 
process with stationary increments and a variance iT^(t) = E{Xf) given by 

/•OO 

(A.6) a'^{t)= {l-cos{xt))g{x)dx, 

Jo 

where g{x) = x~'^^~^1[q^2){x) + {\^ogx\fx)~^l[2,<x){x)- If we replace g{x) 
by gnix) = x~'^^~^ in equation (A.6), then the process X is a fractional 
Brownian motion with Hurst parameter H. Taking into account that g{x) > 
Cgnix) for some constant C > 0, it follows that the process X satisfies the 
local nondeterminism property in some interval (0,d) (see Theorem 4.1 in 

[I]). 

The following lemma implies the existence of finite measures on the real 
line which are singular with respect to the Lebesgue measure, and whose 
distribution function is Holder continuous of order 7, for any 7 < 1 on any 
finite interval. 

Lemma A. 8. Let X be the Gaussian process introduced above. Then, 
there exists a version of its local time L[t,x), jointly continuous in t and x, 
with the following properties: 

(i) For each x € M and 7 < 1, L{t,x) is Holder continuous of order 7 
with respect to t, on any finite interval. 

(ii) L{t,x) is a nondecreasing function oft. 

(iii) For each x € M, the support of the measure L{dt, x) is the set {s, Xg = 
x}, which has a Lebesgue measure 0. 

Proof. The function o"^ satisfies 

(j2(t)>C|logt-i|-", 

for some constant C > and for t G (0, 2)- Then, property (i) follows by 
Theorem 8.1 in [1]. From Theorem 6.4, page 11, in [3], it follows that for 
each X G M the support of the measure L{dt,x) is the set A^^ = {s, AT^ = x}. 
Finally, to show that A^; has a Lebesgue measure 0, we write 

e[ lA^{s)ds= [ E{lx^=x)ds = 0, 
Jo Jo 
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which imphes that /q 1\^ (s) ds = almost surely. This completes the proof 
of the lemma. D 
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